In order to provide a guaranteed precision and a more accurate judgement about the true value of the Cramér-Rao bound and its scaling behavior, an upper bound (equivalently a lower bound on the quantum Fisher information) for precision of estimation is introduced. Unlike the bounds previously introduced in the literature, the upper bound is saturable and yields a practical instruction to estimate the parameter through preparing the optimal initial state and optimal measurement. The bound is based on the underling dynamics and its calculation is straightforward and requires only the matrix representation of the quantum maps responsible for encoding the parameter. This allows us to apply the bound to open quantum systems whose dynamics are described by either semigroup or non-semigroup maps. Reliability and efficiency of the method to predict the ultimate precision limit are demonstrated by three main examples.
I. INTRODUCTION
Parameters estimation is a principal part of the scientific analysis of experimental data. It plays an important role at a very fundamental level, involving the measurement of fundamental constants of Nature like the Planck constant, the speed of light in vacuum and the gravitational constant. Furthermore, it has widespread practical implications ranging from determination of atomic transition frequency [1] [2] [3] to a phase shift in an interferometric measurement due to the presence of gravitational waves [4] [5] [6] .
Since errors and statistical uncertainties are unavoidable in realistic experimental data, specifying the estimation error is a central task in parameter estimation. The error in an estimation is quantified by the square root of the statistical average of the squared differences between the true and the estimated values of the parameter. It is lower bounded by the Cramér-Rao bound which, in turn, is inversely proportional to the quantum Fisher information (QFI) in quantum metrology [7, 8] . In viewpoint of the information theory, the QFI gives the amount of information about an unknown parameter which can be extracted from scientific analysis of experimental data. So, it can be used to characterize the statistical distinguishability of states which are dependent on the parameter and, hence, to indicate the non-Markovian behavior [9] . It should be point that, the QFI depends on the probe characteristics, the type of the parameter encoding process and the measurement. Calculating this quantity, finding ways to maximize it, and designing protocols which allow for better estimation, are central to the quantum metrology.
For a general probe state under a general encoding process (specially noisy process), due to growing the size of the evolved state exponentially with the number N of the probes, it is a difficult task to compute the QFI and maximize it with respect to the initial probe state and measurement. To solve this challenge, in addition to some efforts to calculate the maximal QFI in special cases [10, 11] , some alternative frame- * Electronic address: shsalimi@uok.ac.ir works have been proposed by deriving fundamental metrological bounds. Regarding the Kraus representations of the parameter encoding map, some upper bounds on the QFI have been defined [12, 13] . These bounds are not necessarily tight even after optimization over the equivalent Kraus operators which require numerical methods. Furthermore, this bound cannot be reached by any measurement strategy. A more accurate judgment about the true maximal value of the QFI in addition to an upper bound needs a tight and saturable lower bound. Moreover, to predict the scaling behavior of the QFI, considering the behavior of its lower bound (which gives a guaranteed precision) is more reliable than that of its upper bounds.
Motivated by this, here, a saturable and tight-fitting lower bound on the QFI in open quantum systems under general dynamics (either semigroup or non-semigroup maps) is presented. The bound is directly related to the underlying dynamics and its calculation requires only the matrix representation of the parameter encoding map which is obtained through tomography process. By focusing on the frequency estimation in the presence of phase-covariant noise, as the first main example to demonstrate the reliability and efficiency of the method, a useful prescription for practical estimation is provided, by determining the optimal initial state and the optimal measurement. Surprisingly, the method shows competency to offer the exact precision limit and the optimal initial state in open quantum systems under correlated noise (dephasing), as the second example. In the last example, the performance of the bound in predicting the optimal initial subspace for a phase estimation in an optical interferometry with photon loss is briefly discussed. Note that, in a variant approach, Alipour et al. [14] and Beau et al. [15] , have presented some bounds on the QFI for determined initial state in open quantum systems only with dynamical semigroup maps.
II. BOUND ON THE QUANTUM FISHER INFORMATION
In measuring a parameter x, the uncertainty δx with which the parameter can be measured is lower bounded by the Cramér-Rao bound [7, 8] 
where t is the duration of each single measurement on the N probes and T t is the times that one repeats the measurement in a given fixed time T . F (ρ x ) is the QFI which is a measure of the amount of information in the encoded state ρ x about the parameter x and can be maximized over different initial states. Due to the convexity of the QFI [17] , the optimal initial states are pure. From mathematical point of view, the QFI is defined as
where L x is a symmetric logarithmic derivative operator which satisfies the equation
If the eigenvalues and eigenvectors of ρ x are known, the calculation of the QFI will be an easy task [8] . However, very often the analytical diagonalization of ρ x turns out not to be feasible.
On the other hand, the QFI is naturally related to distinguishability of the states in the manifold of quantum states and is proportional to the Bures distance [8, 18] between ρ x and its neighbor states
Therefore, one will exploit the above relation to access the analytical formula of QFI if one obtains the explicit expression of the Bures distance which is difficult to obtain. Here, this difficulty is circumvented by studying the statistics of an open quantum system through the behavior of states in the Liouville space, L(H), which is the vector space formed by the set of all linear operators acting on the Hilbert space H. The Liouville vectors, {|A)}, which correspond to the operators {A} acting on H, satisfy an inner product as (A|B) = tr[A † B]. Let Φ be a linear map defined on L(H) which relates one Liouville vector to another asΦ|A) = |ΦA), whereΦ is the matrix representation of Φ. The one-to-one correspondence between Φ andΦ is induced by the inner product. On this basis, any state such as ρ x on the Hilbert space H has a corresponding vector |ρ x ) in L(H). Now, by defining a normalized pure state asρ x = |Ψ x )(Ψ x | with |Ψ x ) = |ρ x )/ (ρ x |ρ x ), the Bures distance betweenρ x andρ x+dx is written as
Considering the Taylor series ofρ x+dx around x and ignoring the third and higher powers of dx, Eq. (3) reduces tõ
where
is an associated QFI which quantifies the amount of information inρ x and L x = 2∂ xρx . To find the relation between F (ρ x ) andF (ρ x ), one should use the definition of the QFI in terms the symmetric logarithmic derivative operator,
By combining Eq. (5) and (6), one will havẽ
which, in turn, can be rearranged as
The left hand side of this equation which can be simplified to
is our lower bound of the QFI. The optimal measurement which saturates this lower bound uses positive operatorvalued measures {E j } which are one-dimensional projection operators onto the non-degenerate eigenspace of the Hermitian operatorL x . In a typical estimation setting, the parameter x is encoded on sensing probes by a given physical dynamics Φ x withΦ x as the corresponding matrix representation. So, Eq. (9) can be rewritten as
As can be seen, the bound is directly related to the underlying dynamics and its determination only needs the knowledge of the matrix representation of the parameter encoding map. This property allows one to use the bound in open quantum systems which are governed by either semigroup or non-semigroup dynamical maps.
In particular, for a closed system evolving under a unitary transformation, U x , and being prepared in initial pure state ρ 0 , one can show that (ρ x |ρ ′ x ) = 0 and the bound reduces to
However, max ρ0 (ρ 0 |Ũ
does hold in general, if the maximization were not restricted to physical state, but extended to all normalized vectors in Liouville space, one would end up calculating the operator norm Ũ ′ † xŨ ′
x , which equals to the largest eigenvalue of the enclosed matrix. For the closed system, this quantity yields F (ρ x ) and ,as will be illustrated bellow, the subspace of the optimal initial state is determined by the components of the associated eigenstate.
Since, one deals only with matrix representation of the encoding map, our framework can be used to randomly sampled generators, as is provided by Nichols et al. [19] .
Furthermore, whileF (ρ x ) is an additive function, i.e., F (ρ ⊗ν x ) = νF (ρ x ), the lower bound is a subadditive function,
In the following, the attention is paid to the utility of the bound in predicting correct behavior (e.g., scaling) of the estimation error in an atomic spectroscopy (or equivalently magnetic field sensing) in the presence of uncorrelated and correlated noise. Derived results are widely applicable to a broad range of relevant physical processes including noisy depolarization, such as spin-lattice relaxation at room temperature. Moreover, we complete the paper by a brief discussion on the performance of the bound for phase estimation in a lossy interferometry.
III. FREQUENCY ESTIMATION
In a frequency estimation scenario, a parameter ω will be encoded on each qubit by a unitary encoding map as
2 σz Oe iωt 2 σz , where σ z is the Pauli operator generating a rotation of the qubit state around the z-axis in the Bloch ball representation. Selecting the computational basis as {|µν)} in L(H) ({µν = |µ ν|} with µ, ν ∈ {0, 1}) the matrix representation of U ω can be obtained asŨ ω = µν e iαωt |µν)(µν|, where α = µ − ν. In the case of N identical qubits, the matrix representation of U ⊗N ω can be obtained by the matrix product U ⊗N ω which is a 2 2N × 2 2N diagonal matrix whose elements are e iα N ωt , where −N ≤ α N ≤ N . Recall from the previous discussions that
Associated eigenstate leads one to preparing the initial state in the Greenberger-Horne-Zeilinger (GHZ) form (see Appendix A).
A. Frequency estimation in the presence of uncorrelated phase-covariant noise
In this case each qubit is locally affected by a special noise type named as phase-covariant noise, that is, a noise type commuting with the parameter encoding Hamiltonian, σ z , [16, 20] . In the case of semigroup dynamics, the noise type is one of the most destructive noise due to constraining the quantum enhancement to a constant factor [12, 14, 21] . However, this is not the case for a non-semigroup dynamics [16, [22] [23] [24] [25] . Regarding U ω as the encoding unitary map and J as the parameter-independent noise map, the state of N probes at any instant is described as
with
Considering the most general form of the phase-covariant noise, the matrix form of Φ ω in the computational basis is obtained as [16] 
.
The following theorem provides an alternative way of evaluating the maximum of F ↓ in the presence of the phase-covariant noise.
Theorem: Let Φ ω be the encoding map in the presence of a phase-covariant noise. Then
and initially preparing qubits in the GHZ state results in
Since U ω and J commute, one can have |ρ
This also occurs when the parameter independent noise do not commute with U ω but can be suppressed after the sensing transformation, that is, states to be measured areŨ ⊗N ω |̺) with |̺) =J ⊗N |ρ 0 ). As discussed in the Appendix A, the largest eigenvalue of (Ũ
with the corresponding eigenvectors |01 ⊗N ) and |10 ⊗N ) which under the action of (J ⊗N ) are changed to (η ⊥ e −iθ ) N |10 ⊗N ) and (η ⊥ e iθ ) N |01 ⊗N ), respectively. This shows that the eigenspace corresponding to the largest eigenvalue of
′ is invariant under the phase-covariant noise. This also occurs for the eigenspace corresponding to the smallest eigenvalue of (Ũ
e., zero), which is spanned by (|00) + |11)) ⊗N , due tõ
. So, preparing the initial state
with |u max ) =
and |u min ) =
provides us with
The theorem shows that as long as 0 ≤ t < τ , the maximum of the lower bound grows quadratically for small t and is fully determined by η ⊥ in the plane perpendicular to the rotation axis, as (Appendix B)
and τ is the largest time satisfying
for the short-time expansion of the noise parameters,
In a noisy metrology, after a time, the noise wins over the unitary encoding process and the extractable information is extremely degraded. So, we need to find the optimal interrogation time, t opt . Equivalently, this corresponds to computing min t (
Therefore, interrogating the probes in interval 0 < t ≤ t opt leads to the following upper bound for the Cramér-Rao bound
where [16] is indeed always achievable up to a constant factor. However, the lower bound of the Cramér-Rao bound predicts the ultimate precision limit (which cannot be reached by any measurement strategy), by limiting the Cramér-Rao bound from both sides 
one has a more accurate judgment about the true maximal value of the precision (Fig. 1) . While, for semigroup dynamics (β ⊥ = 1) one accordingly recovers the standard quantum limit scaling, N −1 , one can find more favourable scaling by going beyond the semigroup regime (e.g., by exploiting the non-semigroup dynamics arising at short times in the Zeno regime, β ⊥ = 2).
Saturating the quantum Cramér-Rao bound is subject to the initial preparation of the probes in an optimal state and choosing the optimal measurement strategy, on one hand, and repeating the above-mentioned actions infinite times (T → ∞), on the other hand. Although a general solution has not yet been known for the optimal measurements which saturates the quantum Cramér-Rao bound, the sufficient condition for a measurement to be an optimal one is that it projects the state onto the eigenspaces of the symmetric logarithmic derivative operator [8] . Similar investigation leads to a sufficient condition for obtaining the optimal measurements providing Eq. (16) and, therefore, the upper bound of the Cramér-Rao bound. This condition restricts the measurements to onedimensional projectors onto the non-degenerate eigenspaces of ρ ′ x (Appendix C). The construction yields the measurements which are in principle not only collective, i.e. act on all the particles, but also local in the parameter space.
B. Frequency estimation in the presence of correlated noise
For closely spaced particles, particulary ions stored in linear Paul traps or atoms in optical lattices, correlated dephasing is a major source of noise [27] [28] [29] [30] [31] . Consider a scheme consisting of N identical probes. Every single probe, in turn, comprises two two-level atoms with different transition frequencies ω 1 and ω 2 . The frequency differenceω = ω 1 − ω 2 is going to be estimated by performing the standard Ramsey-type measurement. In the presence of correlated dephasing, the encoding process changes the state of the N probes to
Deriving the matrix form of Φ ω1,ω2 in the computational basis
, results in a diagonal matrix with the elements e i(α1ω1+α2ω2)t−α 2 γt , where
and γ is dephasing rate. Since the noise is compatible with the encoding Hamiltonian, the maximum of the lower bound is given by Eq. (16). After some straightforward computations, one finds the elements of the diagonal matrixΦ
as α 2 1,2 t 2 e −2(|α1|−|α2|)γt and α 2 1,2 t 2 . These results lead to
= N 2 t 2 which predicts that the correlated dephasing may not destroy our frequency measurements and the eigencpace corresponding to the eigenvalue N 2 t 2 form a decoherence-free subspace with respect to the noise. Hence, frequency measurements in the presence of the correlated noise can be done by the Heisenberg precision scaling as was shown in [31] .
IV. PHASE ESTIMATION IN A LOSSY INTERFEROMETRY
It is interesting to briefly discus the well known issue of phase estimation in an optical two-arm interferometry in the presence of photon loss in one arm. It is known that, for this case, among quantum states with a definite photon number, N , states as √ p|m, N −m + √ 1 − p|N, 0 with m = N are more beneficial than N 00N state (i.e.,
(|N, 0 + |0, N )) which completely miss their coherence by losing a photon [32] . In an optical interferometry, loss can be modeled by fictitious beam splitter of transmissivity η (ranging between 0 for complete losses and 1 for no losses) on the same arm which accumulate phase shift through U ϕ = e −iϕ a † a , where a is the annihilation operator for arm a. Since the noise operation and the phase accumulation commute, the maximum of our lower bound is given by the largest eigenvalue ofΦ 
where l is associated with the number of lost photons. Our considerations show that the largest eigenvalue is obtained for k = N and m = N . By decreasing the noise parameter, η, the optimal m max increases (see Fig. 2 ). This shows that our lower bound can exactly predict the subspace {|m, N − m , |N, 0 } as the optimal subspace. Recently the performance of other states such as entangled coherent states, N α (|α, 0 + |0, α ) with N α = [2(1 + e −|α|
2 )] −1/2 as normalization constant, for quantumenhanced phase estimation is investigated [33] . For these special initial states, our bound leads to
where n = n = 2N dominates. With the increase of (1 − η)|α| 2 , the classical term, nη, becomes important. So, even for such special initial states, the bound leads to the same results of [33] both in terms of scaling and in terms of dominant behavior.
V. CONCLUSIONS
Specifying the effect of noise on the ultimate precision limit is a crucial element in developing quantum techniques for metrological tasks. However, determination of the ultimate precision limit which is given by the Cramér-Rao bound in noisy metrology becomes more and more cumbersome when the number of resources increases. Although, some previously derived lower bounds on the precision delimits the Cramér-Rao bound from bellow, a more accurate judgment about the true maximal value and the scaling behavior of the precision needs an upper bound which give a guaranteed precision. Here, a reliable and saturable lower bound on the QFI in a single-parameter estimation has been introduced to provide this necessity. This bound provides us with a guaranteed precision and allows us to estimate the ultimate precision limit with an acceptable accuracy. It has been shown that the lower bound depends only on the underlying dynamics and its calculation requires only the matrix representation of the parameter encoding map. This property allows one to use the bound in open quantum systems which are governed by either semigroup or non-semigroup dynamical maps. Moreover, unlike the previously introduced bounds on the QFI, determining the optimal probe state and optimal measurement in our framework suggests a useful prescription for practical frequency estimation. The accuracy and efficiency of our method to predict the ultimate precision limit and the optimal initial state have been illustrated through three main examples: frequency estimation in the presence of uncorrelated and correlated noise and phase estimation in a lossy interferometry.
Appendix A: Derivation of Eq. (12) In the case of N identical qubits, one can consider the basis In the case of an uncorrelated encoding process,
ω denotes a parameter encoding map which acts on the ith probe), it is shown that (Π iΦ
The first summation involves the sum of N terms whereas the second one involves the sum of N (N − 1) terms. In the case of identical parameter encoding processes for N probes, the above summations can be simplified to
for i = 1, .., N , and I is the identity matrix on the Liouville space L(H).
For the most general phase-covariant qubit map, Φ ω , whose matrix form isΦ Considering the short-time expansion of the noise parameters as
one finds that as long as 0 ≤ t < τ , the largest eigenvalue of (Π iΦ
⊥ , and τ is the largest time that satisfies In the case of unital channels which preserve identity, k = 0, one obtains τ = (α ⊥ N ) −1/β ⊥ .
Appendix C: Sufficient condition for obtaining the optimal measurement
In quantum mechanics, a general measurement is mathematically represented by a collection of Hermitian positive semidefinite operators {E j } which satisfy j E j = I and are named as positive operator-valued measures (POVM). Since the probability of obtaining an experimental result j is given by tr(E j ρ ω ), where ω is a specific value of the parameter, the classical version of (ρ 
